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Abstract

When the transition probabilities and re-
wards of a Markov Decision Process are spec-
ified exactly, the problem can be solved with-
out any interaction with the environment.
When no such specification is available, the
agent’s only recourse is a long and potentially
dangerous exploration. We present a frame-
work which allows the expert to specify im-
precise knowledge of transition probabilities
in terms of stochastic dominance constraints.
Our algorithm can be used to find optimal
policies for qualitatively specified problems,
or, when no such solution is available, to de-
crease the required amount of exploration.
The algorithm’s behavior is demonstrated on
simulations of two classic problems: moun-
tain car ascent and cart pole balancing.

1. Introduction

When a Markov Decision Process (MDP) is specified
precisely by the domain expert, no exploration of the
environment is necessary. Algorithms such as policy
iteration and value iteration (Sutton & Barto, 1998)
can be used to compute the optimal solution, which
may be subsequently applied online. Unfortunately,
in many domains it is unrealistic to expect that an
expert will be able to come up with precise system
dynamics. In such domains, an agent can resort to re-
inforcement learning (RL) to explore its environment.
However, extensive exploration can be undesirable for
the following reasons: it is time-consuming, expensive
(in terms of wear and tear on the robotic equipment),
and perilous when the agent chooses to explore dan-
gerous states (e.g., nuclear reactor meltdown for an
agent controlling a nuclear plant or car going off the
road for a car-driving agent. Abbeel and Ng also de-
scribe a helicopter crash which occurred during overly
aggressive exploration(Abbeel & Ng, 2005)).
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More importantly, the agent may find itself in new
states when interacting with the world which were
never encountered during learning (this is an especially
common problem in continuous environments). Con-
sider, for example, a car driving agent which drives
off the road because it is going too fast while taking
a turn. Even if the agent learns that the optimal pol-
icy in this situation is to slow down, it will repeat the
same mistake when taking a similar turn at an even
faster speed. This inability of the agent to transfer
acquired information between states does not just in-
crease the amount of exploration required to learn a
good policy - it also prevents the agent from acting
optimally in parts of the environment unseen during
the learning stage (a car driving agent that learns to
drive on small hills may have trouble after being trans-
ferred to a mountainous terrain, even though the same

principles apply).

Notice that, in the above example, simple qualitative
statements about the domain of the sort: “a higher
mountain is more difficult to climb than a lower moun-
tain”, or “a turn is easier to take at a lower speed” may
be sufficient to facilitate the kind of reasoning needed
to generalize the learning experience and enable the
agent to solve the problem without resorting to ex-
tensive exploration. However, these statements can-
not be expressed in the language of MDP transition
probabilities, and can never be fully acquired through
reinforcement learning unless one sees every mountain
in the world (some of which may be too dangerous to
climb).

In this paper, we introduce a framework which al-
lows the expert to specify a set of comparative state-
ments about the domain. This qualitative description
of the problem is satisfied by multiple quantitative
worlds, with each world describing an MDP with com-
pletely specified transition probabilities and rewards.
We present an algorithm which, given such a qualita-
tive description, returns a set of policies guaranteed to
contain the optimal policy for every possible quantita-
tive instantiation of the description. As an example,
we apply our algorithm to the well-known problem of
driving a car up a steep mountain (Sutton & Barto,



Qualitative Reinforcement Learning

1998), with the caveat that the output of the car’s en-
gine is corrupted by arbitrary bounded stochastic noise.
Since the optimal policy depends on the engine power,
our algorithm can be viewed as a tool for examining
the sensitivity of the optimal policy to noise. We also
apply the algorithm to another well-studied problem,
that of balancing a pole on a cart (Sutton & Barto,
1998), under a similar assumption that the power of
the cart’s engine is uncertain.

Our algorithm allows MDP designers to obtain opti-
mal solutions to problems without having to provide
completely quantified specifications if the set of poli-
cies it returns is small enough to achieve good behav-
ior in most states. If that is not the case, we present
a variant of the algorithm which, given a qualitative
description of the problem, combines it with limited
exploration to discover the optimal policy much faster
than traditional reinforcement learning, and the policy
that it discovers is more broadly applicable.

The rest of the paper is organized as follows: we
describe related work in Section 2. In Section 3,
we describe the variant of MDPs which we study.
In Sections 4 and 5 , our framework of qualitative
MDPs (QMDP) and qualitative reinforcement learn-
ing (QRL) is described. Experiments are presented in
Section 6, followed by conclusions in Section 7.

2. Related Work

Qualitative Markov Decision Processes have been
studied by Bonet and Pearl (Bonet & Pearl, 2002) and
Sabbadin (Sabbadin, 1999). Bonet’s study is purely
theoretical, Sabbadin describes an application of his
algorithm to a 3 x 3 gridworld. By contrast, we de-
scribe experiments with our algorithm on much more
realistic problems which are an order of magnitude
bigger than the 3 x 3 gridworld. More importantly,
there is no clear connection between qualitative repre-
sentations of MDPs proposed in these two papers and
quantitative probabilities which can be estimated via
empirical interaction with the environment. For this
reason, neither study attempts to combine the qualita-
tive problem description with quantitative exploration.
In our approach, qualitative statements have a clear
probabilistic interpretation, which enables us to con-
struct such a combination.

Several ways of limiting exploration in reinforcement
learning with prior knowledge have been proposed.
Shaping (Ng et al., 1999; Laud & DeJong, 2003) at-
tempts to direct the agent to explore regions which
are likely to lead to good solutions by modifying the
reward function. However, it may be difficult to deter-

mine a-priori which states will ultimately lead to good
solutions and which should not be explored. Appren-
ticeship learning (Abbeel & Ng, 2005; Abbeel & Ng,
2004) is a framework in which an agent learns the ex-
pert’s reward function by observing his demonstrated
behavior, thus avoiding direct interaction with the en-
vironment. The advantage of our approach is that our
model of prior knowledge only requires specifying how
the world works, not how to explore it. It may be used
in domains where the expert has pertinent information
about the world dynamics, but does not know how to
solve the problem.

An alternative approach to dealing with uncertainty
in the specification of MDPs without resorting to ex-
ploration is the minimax robustness framework (see
e.g.,(Givan et al., 2000)). In this framework, the agent
is also presented with a description of the world which
corresponds to a set of completely specified MDPs.
The agent’s goal is to select the best optimal policy,
knowing that for any policy the agent selects, adver-
sarial nature will choose the worst possible world in
which to evaluate it. In our framework, on the other
hand, the agent seeks a set of policies which contains
the optimal one for every possible completely specified
MDP.

3. Preliminaries

Instead of regular Markov Decision Processes, in what
follows we use a variant of MDPs in which the agent
is only interested in the nearest reward. A reward re-
ceived later is foresaken for any probability of receiving
any reward earlier, and bigger expected rewards are
preferred to smaller rewards received at the same time.
Ties between rewards to be received after n steps are
broken by looking at rewards to be received after n+ 1
steps, once again preferring bigger rewards to smaller,
and so on, up to N steps ahead. We will refer to this
MDP as Myopic MDP because of its strong preference
for receiving rewards sooner. In Section 6, we present
experimental evidence that this variant gives reason-
able policies for control problems.

In order to formalize this paradigm, we use the frame-
work of generalized Markov Decision Processes. A
generalized finite Markov Decision Process is a tu-
ple (S, A, P,R,®,®, Next), where S is a finite set of
states, A is a finite set of actions, R is a reward func-
tion, P : S§’|SxA — [0,1] is a transition probability
function, Next : SxA — S is a set of states reach-
able with nonzero probability in one step after taking
action a € A in state s € S, a summary operator &
defines the value of transitions based on the value of
the successor states, and a summary operator ® de-
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fines the value of a state based on the values of all
state-action pairs. These operators are used to define
the generalized form of Bellman’s equation as follows:
for each state s, the optimal value function V*(s) =
[H[KV*]|(s), where [KV](s,a) = R(s,a)+ &5V (s)
and [HV](s) = @ ([KV](s,a)). Setting & g(s") =
ad ., P(s'|s,a)g(s’) and ®<(f)f(s,a) = max, f(s,a)
recovers the conventional MDP formulation with the
discount factor o € (0,1). In our myopic framework,
on the other hand, the value function V;(s) for a fixed
policy m : S — A is a N-dimensional vector, with
each component V; ;i € 1,.., N representing the ex-
pected positive reward the agent will receive i steps
after starting out in state s and following m!. Sim-
ilarly, the reward R(s,a) = [r(s,a),0,0,..,0] is a re-
ward vector indicating that reward r(s,a) > 0 is re-
ceived for choosing action a in state s. The summary
operators are defined to facilitate correct propagation
of rewards: Gagf’a)g(s') = > . P(s]s,a)[0,g(s")] prop-
agates rewards back from the successor states. Before
we define the ® operator, we need to impose an order
relation on the values of states. This is done with the
following definition:

Definition 3.1. Let U € R™ and V € R"™ be two
componentwise non-negative n-dimensional vectors.

Let f*(U,V) =

min )
:U; >V; >0 or V;>U; >0

be the smallest component, the value of which is strictly
greater in one of the vectors than in the other one.
Then define U <V < {(f* exists ) A (Use < Vi+)),
U=V & f* does not exist, and U <V < {U <V V
U=V}

This order instantiates the myopic comparison of val-
ues of two actions. If U(s) and V (s) represent the val-
ues of two policies executed in s, then f*(U(s), V(s))
is the first time step in which expected rewards of
following U and V differ, and < prefers the policy
with larger reward in this time step. It can be ver-
ified that < is a total order, which means that a
maximum is well-defined for any finite set of vec-
tors. We take the ® operator to be this maximum:

®((ls)f(s, a) = mazxz f(s,a).

The optimal value function V*(s) which satisfies Bell-
man’s equation can be computed policy iteration,
which consists of policy evaluation (which computes
Vitl(s) = [KV!](s,n(s)) for a fixed policy =) in-
terleaved with policy improvement, which updates
Vitl(s) = [HV}!](s). The following theorem shows

LN is the horizon of the MDP. All of our results assume
that N is large enough and still hold as N — oo.

that for the Myopic MDP, policy evaluation and pol-
icy iteration converge:

Theorem 3.2. For the Myopic MDP, there is a
unique optimal value function V* which satisfies the
myopic Bellman’s equation. Policy iteration converges
to V*.  Moreover, for any fixed policy m, there is
a unique optimal value function V. which satisfies
V¥ =KV}, and policy evaluation converges to V*.

Proof. (sketch) The proof is based on showing equiv-
alence between the Myopic MDP policy iteration and
policy iteration for a conventional MDP with suffi-
ciently low discount factor a. See the full paper
(Epshteyn & DeJong, 2006) for complete proofs of the-
orems in this paper. O

In order to model qualitative knowledge, we rely on
the notion of first-order stochastic dominance (Shaked
& Shanthikumar, 1994), defined as:

Definition 3.3. Let G = {g1,...,gn} be a support set
for probability distributions Py and P». Let O be a
partial order relation on G and define O(y) = {z € G :
yOzx} to be the set of elements of G at least as good as
y according to O (similarly, O(y) = {x € G : xOy} is

the set of elements no better than y according to O).

We say that Py stochastically dominates Py with re-
spect to O if Yy € G, P (O(y)) > Py(O(y)) where
P(S) = >_,cq P(s) is the probability of a set. If, in
addition, 3z € G : P1(O(z)) > Py(0(z)), we say that
Py strictly stochastically dominates Py with respect to
O (e.g., using < for O gives first-order stochastic dom-

inance on the real line).

4. Qualitative MDP

The policy evaluation step of the policy iteration algo-
rithm for Myopic MDPs has the following useful mono-
tonicity property:

Lemma 4.1. Suppose VO = 0. Let s; and sy be any
two states. If Vi(s1) < Vi(sq), then for all subsequent
iterations q > t of policy evaluation, V4(s1) < V1(s2).

Proof. (sketch): By induction on ¢, for any s and for
any j < t, V}(s) (the component of V*(s) which rep-
resents the discounted expected reward received af-
ter j steps) does not change after step ¢ . More-
over, VI(s) = 0 for any j > t. If V*(s1) < V'(s2),
then by Definition 3.1 3f* : (Vi(s1) = V}(s2),Vf <
[N (Vi(s1) < Vio(sg)). Since Vi(s1) = 0 for any
3>t fr<t. O



Qualitative Reinforcement Learning

Increasing Value

States S

Stowr

Figure 1. Mountain Car Domain

Lemma 4.1 suggests a qualitative policy iteration algo-
rithm which only keeps track of the ordering of values
of states, but not the values themselves, and, simi-
larly, only requires the ordering of rewards as an in-
put instead of the actual values. The pseudocode for
the algorithm is given in Figure 2 . The key distinc-
tion between this algorithm and conventional policy
iteration is that it works with pairs of states rather
than single states. In each iteration, it updates the
ordering between every pair of states based on new
ordering information received from the previous itera-
tion. In doing so, it relies on the domain oracle which,
given an ordering of states s’ € UZ_; Next(s;,a;), re-
turns <’ if P(s|s1,a1) strictly stochastically domi-
nates P(s'|s2,a2) with respect to the given ordering
and ">’ if P(s|s2, az) strictly stochastically dominates
P(s'|s1,a1). The domain oracle can also indicate that
neither [state, action] pair stochastically dominates the
other one (or that it lacks knowledge to indicate dom-
inance) by returning the unknown indicator '7?’. If
P(s'|s2,a2) and P(s'|s1,a1) stochastically dominate
each other, the oracle returns ’=’. Similarly, the re-
ward oracle returns < (>,=)" if r(s1,a1) < (>,=
)7r($2,a2). While a domain oracle may seem hard to
construct, we will demonstrate such oracles for two re-
alistic control problems in Section 6. An example of
a domain oracle in action is shown in Figure 1. It
shows a car ascending a mountain, in two positions,
one higher and one lower, moving with the same ve-
locity. A possible ordering of next states appears as
well, with states higher up the mountain being more
valuable. With respect to this ordering, the car in
the lower position on the mountain s;,,, has less of a
chance of reaching more valuable states than the car in
Shigh and, therefore, Pr(s|Shign) stochastically domi-
nates Py (8'|s100) for any policy .

SAMEORDER(ORACLE, Order, s1, s2, 111, 115)

Input: Procedure ORACLE, Order on S, States s; €
S, s9 € S, Sets of actions I, 115

Output: order € {!<')/>'/='/7}

1. if ORACLE(Order, s1, a1, $2,a2) returns the same
value order for all pairs of actions a1, as € II; XI5

2. then return order

3. else return’?’

Poricy EVALUATION(Set of policies IT)
1. 7+0
2. for all pairs of states s1,s0 € S x S

3. do Step_Order’ «— SAMEORDER (RE-
WARD_ORACLE, &, 1, s2,I1(s1),I1(s2))

4. repeat

5. for all pairs of states s1,s90 € S X S

6. do order —SAMEORDER  (ORACLE,

Step_Order? s1,s2,11(s1),I1(s2))

7. Step_Orderi*1(sy, s3) « order

8. if Order(s1,s2) ='='

9. then Order(sy, sq) < order

10. j—iji+1

11. until Order stops changing
12. return Order

Poricy IMPROVEMENT(Order on S)

1. for all states s € S

2 do best_actions «— &

3. for all actions a,a’ € Axbest_actions

4 do if ORACLE(Order, s, a,s,a’) ='>'

5 then best_actions «—
{best_actions U {a}}\{a'}

6. if ORACLE(Order, s,a,s,a’) ='7

7. then best_actions «—
best_actions U {a}

8. H(S) — g

9. for all actions a € best_actions

10. do II(s) « II(s) U {a}

11. return II

Poricy ITERATION()

1. Select arbitrary initial policy =

2. Vstates s € S:1(s) « {n(s)}

3. repeat

4. Order «— PoLicy EVALUATION(II)
5 IT < Poricy IMPROVEMENT(Order)
6. until II stops changing

Figure 2. Qualitative Policy Iteration Algorithm

Qualitative policy iteration is analogous to conven-
tional policy iteration, with Order replacing the value
function, and a set of deterministic candidate policies
II playing the role of the optimal policy. IT : § — 24
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is represented as a mapping from states to sets of ac-
tions, with each action a € II(s) being possibly op-
timal in some quantitative instantiation of the quali-
tative MDP. The following theorem states that, when
the qualitative policy iteration algorithm terminates,
the optimal policy for any quantitative MDP consis-
tent with the qualitative domain theory is contained
in the returned candidate set of policies II:

Theorem 4.2. If qualitative policy iteration is exe-
cuted in parallel with myopic policy iteration on any
quantitative MDP consistent with the domain theory,
at the end of iteration t, the candidate policy set 11
contains the policy returned by the conventional policy
iteration algorithm at the end of t.

Proof. (sketch) For a fixed policy 7, the ordering of
values Order at iteration ¢ of qualitative policy evalu-
ation corresponds to the ordering of values of Myopic
policy iteration at i (according to <). This can be
seen by induction, with the base case given by the
ordering of rewards, and the inductive step implied
by Lemma 4.1 and the fact that, for any nonnegative
monotonically increasing function V(s’) with respect
toorder Oon s, >, Pi(s)V(s') <> . Po(s")V(s) if
P, strictly stochastically dominates P; with respect to
O. This last fact also implies that qualitative policy
improvement does not eliminate the policy chosen by
conventional policy iteration. O

Thus, the set of candidate policies returned by the
algorithm on termination is guaranteed to contain the
optimal policy.

5. Qualitative RL

When the set of returned policies is too large to be
useful for the states of interest, an alternative is to
combine qualitative specification of the problem with
quantitative probability estimation. This is possible
because stochastic dominance constraints have a pre-
cise probabilistic interpretation which can be useful for
transferring knowledge between states via estimated
probabilities. Consider the mountain car example in
Figure 1. A priori, we may have reason to believe that
all the states in S’ are reachable from either s;,,, or
Shigh because the uncertainty in the power range is
large enough to allow all of these transitions. Suppose
however, that the agent discovers through experimen-
tation that the highest state in S’ is not reachable
from spign. Since we know that P(s'|spign) stochas-
tically dominates P(s'|Sjow ), it follows directly from
the definition of stochastic dominance that it is not
possible to reach that same highest state from ;.
Thus, the probability distribution of this, previously

PROPAGATE(order, s1,a1, S2, a2)
Input: order € {'<’)/>'/="/7"}, States s1 € S,s2 €
S, Actions a1 € A,as € A

1. switch order

2 case '<’: R

3 Y — {y €S : P(Order(y)|s2,a2) =0}
4. 1—1

5. case "> R

6 Y «— {y € S: P(Order(y)|si,a1)) =0}
7 14— 2

8 default : ¥V — o

9. forall yeV

10. do P(y|si,a;) < 0

11. Next(s;,a;) «— Next(s;, a;)\{y}

QuAL ESTIMATION(Observed, Order)
Input: Set of Observed transitions [s,a], Order on S
1. for all pairs of states s1,s9 € S x S

2 do for all pairs of actions a, as € I(s1) xII(s2)

3. do order «—ORACLE(Order, s1,a1, $2,a2)

4 if [s9,a2] € Observed A [s1,a1] ¢
Observed

5. then PROPAGATE(order, s1,az1, S2, as)

Figure 3. Qualitative Estimation Procedure

unseen transition can be updated with this new piece
of knowledge. The following proposition summarizes
the inferences which can be made about unknown tran-
sition probabilities based on stochastic dominance con-
straints:

Proposition 5.1. Let Pi(s) stochastically dominate
Py(s) with respect to some order O. Then if, for some

y, P1(O(y)) = 0, then Pa(y) = 0. If, for some y,
P,(O(y)) =0, then Pi(y) =0.

Proof. The first statement follows immediately from
Definition 3.3. The second statement follows from the
first and the fact that if P;(s) stochastically dominates
P,(s) with respect to O, then reversing the order O
results in Pa(s) stochastically dominating P;(s) with
respect to reversed O . O

This observation leads to the following estimation pro-
cedure: suppose that the agent has acquired esti-
mates P(s’|s,a) of probabilities of some transitions
[s, a] through interaction with the environment. Then
the estimation algorithm presented in Figure 3 per-
forms probability estimation based on Proposition 5.1.
This algorithm is interleaved with the steps of quali-
tative policy evaluation (shown in Figure 2).
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6. Experiments

Two well-known domains were used to test the quali-
tative MDP algorithm: mountain car ascent and cart
pole balancing. In the mountain-car task, the problem
is to drive a car up a steep mountain (see Figure 1).
The optimal policy depends on the power of the car’s
engine. If the engine is powerful enough to overcome
gravity and drive the car up the slope to its goal, the
optimal policy is to move towards the goal. Other-
wise, the optimal policy is to move away from the goal
up the opposite slope, and then apply full throttle to
move towards the goal with the help of built-up iner-
tia2. The agent received a reward of 1 upon reaching
the goal. The task in the cart-pole problem is to bal-
ance a pole on a moving cart®. The reward of winding
up in state s’ was set to cosf.(s’) to encourage ac-
tions which keep the pole as upright as possible. In
both problems, actions which moved the agent out of
bounds of the state space were disallowed.

The mountain car problem exhibits delayed rewards,
while in the cart-pole problem rewards are immediate.

Both of these problems represent a physical system

which keeps track of its continuous state 2 = [2¢, .., 2! ]

©n
at time t through the update equations z!*! =
[Ty (F;2Y), .., Ti(F;20), Ter1(2Y), .., Tn(2")] which de-
fine the system’s behavior under the influence of the
input force F. In the simulation, the state space is
discretized, with the boundary of the grid cell for each
discrete state s given by [s;, 5,7 € {1,..,n}. The dy-
namics of the system are simulated by picking a char-
acteristic position z = Z(s) in each grid cell s and
simulating each action from this position.

2The dynamics of car motion in terms of its position x;
and velocity @ are given by the following equations:

Tig1 = Tt + Teq1, Te41 = T + Fay — Geos(3x,), where
F' is the amount of force applied by the engine, G is the
pull of gravity, and a; € {+1 (full throttle forward), —1
(full throttle reverse), and 0 (zero throttle)} is the action.
We used G = 1 in our experiments. The state space was
discretized by an 11 x 21 grid in the bounds —1.2 < x <
0.5, —0.07 <z < 0.07.

3The state in the cart-pole problem is described by the
angle between the pole and the vertical ;, the velocity of
the cart fit, and the velocity of the pole ;. The update
equations are:

ét _ g*sin9t+cos<9t[—Fat—mplef*sinﬁt]/(mc-ﬁ-mp) flt

U[4/3—mpxcos?(0¢)/(metmyp)] ’

Fat+m 19'28’2719/—9-160894 ; ¥ A
etmpllls oinbe —6 f],ht+1:ht+7—ht79t+1:0t+7_0t7

mc+mp
9t+1 = 0+70, with gravity g = 9.8, cart mass m. = 1, pole
mass my, = 0.1, distance from center of mass of the pole to
the pivot [ = 0.5, time step 7 = 0.02, and F is the force,
ar € —1,1 is the action. The state space was discretized
into an 8 X 8 x 8 grid in the range —1.15 < h < 1.15,
—021<60<0.21, —2<6<2.

Qualitative MDP can be used to capture the situation
when the engine’s power is corrupted by unknown, but
bounded noise. The power is modeled by a stochastic
variable, distributed according to some unknown prob-
ability density function (pdf) with known support in-
terval [I1, Is] on which the pdf is strictly positive. We
will show how to construct the domain oracle auto-
matically under the assumption that the dynamics of
the system are specified by invertible functions of the
input force F, T;(F;z"),i = 1,..,k and constant func-
tions of F T;(2%),4 = k+1,..,n. Both the mountain car
and the cart-pole dynamics can be expressed in terms
of such functions (see (Epshteyn & DeJong, 2006)).

For any [s,a,s’] tuple, we can determine the range
of forces ®(s'|s,a) under which applying action a
in state s transitions the system to s’ by invert-
ing the transition dynamics as follows: ®(s'|s,a) =

ML (T (54 Z2(9)), T, (35 Z()] [, o) i i € {k o+

L.,n}, Ti(Z(s)) € [s;, 5] (assuming monotonically in-
creasing T;(F; 2t), bounds are reversed for monotoni-

cally decreasing T;(F’; 2%)).

In order to handle sets of states S’, we define
D(S']s,a) = Uges ®(5'|s,a) as the set of forces under
which applying action a in s transitions the system to
one of the states s’ € S’. The next proposition states
that stochastic dominance of probability distributions
can be determined by checking the subset relationship
for ranges of forces:

Proposition 6.1. Let O(y) N Next(s,a) denote the
set of next states for the transition [s,a] which are
at least as good as y with respect to order O. If
Yy € S,2(0(y) N Next(s1,a1)|s1,61) € ®(O(y) N
Next(sq,az)|s2,a2), then P(s'|s2,as) stochastically
dominates P(s'|s1,a1). Strict stochastic dominance
holds when the subset is proper for some y.

Proof. By property of probability, A C B = P(4) <
P(B), and A C B C [I1, L] = P(A) < P(B) by strict
positivity of P(z) on its support interval. O

In the first set of experiments, qualitative policy it-
eration was applied to a mountain car problem with
the set of possible next state transitions constructed
based on the power support interval [0.15 —r,0.15+ 7]
around the force F' = 0.15. This power is insufficient
to overcome the force of gravity, so the optimal pol-
icy has to move the car up the opposite slope first.
Results are presented in Figure 4-(a), which compares
the values of the random policy, the optimal policy for
F = 0.15 for the conventional discounted MDP (with
the discount factor o = 0.9), the optimal policy for the
same F' for the Myopic MDP, and the set of policies
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Mountain Car Problem, Force=.15
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Figure 4. Performance of Qualitative Policies for
Mountain-Car Task. Plot of expected value of the
policy versus the upper bound I of the power support.

II computed via qualitative policy iteration. The ex-
pected value of each evaluated policy m was measured
by the expected discounted return (with discount fac-
tor a = 0.9) an agent would receive by randomly se-
lecting a starting state s and following 7 thereafter.
Set of policies IT was evaluated by choosing actions
uniformly at random from II(s) in each state s. Quali-
tative policy iteration was evaluated on the increasing
range r of the support interval. The policy degrades
with increasingly noisy power as II becomes very large.
For a wide range of power support intervals, the qual-
itative policy performs much better than random and,
as the uncertainty interval decreases, its performance
approaches that of the optimal MDP policy. Notice
that for large power support sets, the qualitative pol-
icy (which is correct in some states and random in
others) can be outperformed by the completely ran-
dom policy. A similar experiment was repeated with
F = 0.3, with similar results shown in Figure 4-(b).
This force is large enough to overcome gravity and
move the car directly to the goal from the bottom of
the valley. The results of qualitative policy iteration
for the pole-balancing task based on the increasing un-
certainty range around F' = 35 shown in Figure 5 are
similar to the mountain car experiment. In the moun-
tain car problem, the Myopic MDP performed as well

Cart-Pole Problem, Force=35
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Figure 5. Performance of Qualitative Policies for Pole-
Balancing Task. Plot of averaged expected value of the
policy versus the upper bound I of the power support.

as conventional MDP, and in the cart-pole problem,
the performance gap (due to a more complex reward
structure) was negligible.

An experiment was also performed to determine sensi-
tivity of the optimal policy to noise. The support in-
terval for F' was set to [I1,0.35], with the lower bound
I starting at 0.33 and gradually decreasing to observe
the degradation in certainty in the optimal policy in
different states. The plot of the highest value I; at
which the set of candidate policies returned by quali-
tative policy iteration contained more than one action
for that state is shown in Figure 6. The optimal policy
for the states in the plateau regions never becomes un-
certain because in those states, only one action is valid.
A more interesting effect is the decreasing ridge of the
uncertainty function - it shows that, as the amount of
noise in F' increases, the policy in states closest to the
goal (but with car moving away from the goal) become
uncertain first. States farther away from the goal (i.e.,
on the opposite slope) have enough potential energy
to reach the goal with the forward throttle, even if the
power is low, so the policy in those states stays certain
longer. Thus, qualitative policy iteration can be used
to determine robustness of the optimal policy to noise
in different parts of the state space.

Finally, we experimented with qualitative reinforce-
ment learning on the mountain car problem. A-priori,
the engine power was specified with the uncertainty
interval [0.15,0.3] - too large to determine whether
moving towards the goal or away from it is optimal
on the bottom of the valley. The actual simulation
applied forces to the throttle chosen uniformly from
the interval [0.15,0.16] in each state (for which moving
away from the goal was optimal). Each experimental
episode started with the car at the bottom of the val-
ley and terminated when it reached the goal state or
a state with no valid actions. Whenever P(s’|s, a) was
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Figure 7. Performance of Qualitative and Conventional RL

on the mountain car task. The performance is displayed

with 95% error bars based on 100 different episodes for con-

ventional reinforcement learning and 10 different episodes
for qualitative reinforcement learning.

estimated to be zero (either directly or through Propo-
sition 5.1), s’ was removed from the set Next(s,a),
prompting the domain oracle to disregard the forces
®(s'|s,a) which could result in a transition to s’ when
action a was executed in s. Thus, QRL’s generaliza-
tion ability is due to the domain oracle performing
a form of estimation of the power interval. Perfor-
mance of QRL was compared with that of conven-
tional model-based RL which applied policy iteration
to estimated transition probabilities (actions in unen-
countered states were picked randomly). Results are
shown in Figure 7 as a function of the number of train-
ing episodes. Note that the episodes started out in the
same state, but the performance metric averages over
the random choice of an initial state. This metric re-
flects the algorithm’s ability to generalize to unseen
states. Since some states were not reachable from the
starting state due to discretization of time and space,
neither algorithm saw them, but QRL deduced how
to act in them by comparing them with encountered
states.

7. Conclusion

In many MDP problems, it is desirable to avoid ex-
ploration as an expensive and potentially dangerous
process. We presented an algorithm which either com-
pletely eliminates the need to explore while requiring
a much less precise description of the problem than an
MDP, or limits the amount of exploration needed to
act optimally.
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